Introduction.-The success of male genotypes in mating has been found in several instances to depend on their relative frequencies. The rarer the male genotype becomes, the greater is its mating success. Petit'-3 first observed this phenomenon in mating tests with mutants of Drosophila melanogaster. Ehrman, Spassky, Pavlovsky, and Dobzhansky4 encountered this same rare genotype advantage when they set up experimental populations of D. pseudoobscura with different initial frequencies of chromosomal inversion types. Their initial sample showed a higher frequency of the inversion which was carried by the lessfrequent genotype than was expected with random mating and no selection. The same effect was observed in mating chambers where females and males of two karyotypes were allowed to mate. Ehrman (see Petit and Ehrman5 for a review of the pertinent literature) has observed the rare genotype mating advantage in a wide variety of circumstances and for several species. Spiess6 studied the effect in both D. persimilis and D. pseudoobscura with a somewhat different technique. The rare genotype mating advantage does not seem to extend to females, or if present, it is very weak. Petit, Ehrman, and Spiess have all realized that the mating advantage of rare males could be a powerful force in maintaining genetic polymorphisms in nature. The theoretical behavior of genes under selection by the rare genotype advantage has not been investigated, however, partly owing to the complications of having a frequency-dependent selection which operates differently in the two sexes. It is the purpose of this article to propose an algebraic model for the rare male mating advantage and to examine the nature of the polymorphism which results. Figure 2 for several values of the selection parameter. The experimental data are clearly similar to those generated with the model of selective advantage inversely proportional to genotype frequency. 
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Changes in Gene Frequency at an Autosomal Locus.-Let us consider first the consequences of selection involving two alleles or gene arrangements on an autosome. We shall assume that all the genotypes are distinct as far as the operation of selection is concerned. In order that the model be as general as possible we shall allow both sexes to possess an advantage when rare, but we shall provide for different degrees of selection in males and females. Thus, the situation where the mating advantage occurs only for rare male genotypes corresponds to the simpler case of zero advantage in the females. We are specifically interested in the selection conferred by male mating advantage, but the model is just as easily interpreted in terms of any other form of selective advantageviability or female fertility, for example. The system of mating is not specified, since the model holds for any system. All that is required is that each genotype frequency at the beginning of a generation be some function of the gametic frequencies among the parents of this new generation, and that these functions be nonnegative and add to unity. Let P 9 (T) and Pe (T) be the frequencies of allele A in the eggs and sperm which combine to form the zygotes of generation (T + 1). Let P(T + 1) be the frequency of allele A among the newly-formed zygotes of generation (T + 1); 
where K, = 1 + r + 2s + t and K2 = 1 + u + 2v + w. (1) is of the form P(T + 1) = C P(T) + B, with C > 0, requires that the P's converge monotonically to a stable equilibrium at PE, beginning from any initial gene frequency. The conditions under which this equilibrium is nontrivial, that is, neither 0 nor 1, are found by considering the restrictions on PE for which 0 < PE < 1. For Pg to be a nontrivial equilibrium, it is necessary and sufficient that the selection parameter in either sex for any one of the genotypes carrying allele A be greater than zero, and that likewise the selection parameter in either sex for any one of the genotypes carrying allele B be greater than zero.
The mating system does not affect the changes in gene frequency. The functions which express the genotype frequencies of a new generation in terms of the gametic frequencies in the previous generation do not enter the basic recurrence relation (1). The mating system may even differ from generation to generation without altering the changes in gene frequency. As A simple example, consider the case where selection is the same in the two sexes. With random mating, fAA (T) = P(T)2, fAB(T) = 2P(T)Q(T), and fBB(T) = Q(T)2. Thus, P(T + 1) P(T)2 + P(T)Q(T) + u + v P(T)+u+v -1+u+2v+w 1+u+2v+w
With inbreeding, fAA(T) = P(T)2(1 -F) + P(T)F, fAB(T) = 2P(T)Q (T) VOL. 64Y 1969 (1 -F), andfBB(T) = Q(T)2(1 -F) + Q(T)F. Thus, P(T+ 1) = P(T)2(1 -F) + P(T)F + P(T)Q(T)(1 -F) + u + v 1 + u + 2v + w P(T) + u + v 1 + u + 2v + w
The changes in gene frequency are the same with random mating and with inbreeding. The same is true for any mating system. This remarkable independence of gene frequency changes from the mating system derives from the particular functions of genotype frequencies which were chosen as the selective values.
The polymorphism due to rare genotype advantage, according to the model presented above, does not require heterozygote superiority at all. Consider the case where s = 0 and v = 0. The heterozygotes are always less fit than either of the two kinds of homozygotes; yet a stable equilibrium is possible at any gene frequency, depending only on the values of u, w, r, and t.
Extension to Many Alleles at an Autosomal Locus.-The model for the rare genotype advantage is readily extended to any number of alleles. Suppose there are K alleles at an autosomal locus. Let the frequency of the genotype carrying alleles Ai and Aj among the newly formed zygotes of generation T be fij(T), and let the female selective value of this genotype be 1 + x11/fij(T), the male selective value 1 + yil/fij(T). Proceeding as before, we find Pi (T + 1) = 1/+2 2x+ + 1+ ) Pi(T) + 1/2( Xi + Y) where xi = 2jxij, yj = 2jyij, x = 2s2;xij, and y = 2ijyis For each allele we have an equation which is identical to the earlier equation (1) We need consider only P9 (T), since P o(T) is a simple linear function of P q (T -1). Substituting for P ,fT -1) in our last equation, and letting K3 = 1 + r + t and K4 = 1 + u + 2v + w, we obtain the second-order linear difference equation
Let XI = 1/4K4 (1 + 1 + 8K4/K3) and X2 = 1/4K4 (1-V1 + 8K4/K3).
It is easily shown that 0 < XI < 1 and -1 < X2 < 0. The solution to the difference equation (2) is
Q9(E))-(P 9(0)-P 9(E)) X1 X2T + P g(E),
Since lx11 < 1 and 1x21 < 1, it is easily seen that the gene frequencies P 9(T) converge to P 9(E), from any initial frequency. P,9(E) is a point of stable equilibrium. The necessary and sufficient conditions for the equilibrium to be nontrivial are exactly the same as for an autosomal locus. Now, 1XI1 > JX21.
The convergence of the sequence {P 9(T)} is, therefore, dominated by the behavior of the sequence { C1XJT}, which converges monotonically to zero. For T sufficiently large, convergence will be monotonic. The convergence of I P 9 (T) } will be monotonic from T = 0 for most choices of the selection parameters.
The model may be extended to include many alleles at a sex-linked locus. Let us use the terms defined in considering an autosomal locus, except that y, will be the selection parameter for the males carrying allele A, and y = 2iyi. Proceeding as for the autosomal case, we find 9 =Pt +(T-1) +Pf, (T-2) VOL. 64, 1969 Refinements to the Model.-The model presented above will be satisfactory over a broad range of genotype frequencies, particularly for small values of the selection parameters. But when the frequency of a genotype becomes extremely low, its selective value becomes unreasonably large. If the selective values are defined as Wij = 1 + xjJ/ (aij + fib) where each afj is a constant, then this problem is overcome.
As the frequency of a genotype decreases, its selective value approaches 1 + xjj/aij. The a's will be chosen so that the W's never become unreasonably large; they will usually be quite small. The course of selection will then be very little altered from that given by the model in the preceding pages, except when genotype frequencies become extremely small. With choices of the selection parameters which now seem likely, the selective advantage of rare genotypes will still lead to stable, nontrivial equilibria. at an autosomal locus, with r = 0.1, s = 0.05, and t = 0.3. In line with the experimental evidence, there was assumed to be no selection among the females, so that u = v = w = 0. The courses of selection from a high and from a low initial frequency are shown. The selection by rare genotype advantage can change gene frequencies quite rapidly if the selection parameters are even moderately large. On the other hand, if they are small, the selection will be detectably different from zero only when one genotype becomes rare. Equilibrium at any gene frequency is possible, even with small values of the selection parameters. Only the speed of gene frequency change depends on the absolute size of the selection parameters. With small values of the selection parameters, the selection would be scarcely apparent but yet might play an extremely important role in maintaining genes or chromosomal arrangements at low frequencies.
That natural populations are storehouses for genetic variants has been known since the pioneering analysis of Tshetverikov.9 More recent studies have further documented the extent of this genetic variability. It is possible that the mating advantage of rare male genotypes plays a significant role in maintaining genetic variability. This selection is, of course, only one of many mechanisms which maintain balanced polymorphisms. The importance of each type of selection depends on the particular circumstances in a given population; taken together, the various types assure a high level of genetic variability.
